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The connection, curvature, and Lagrangian for a conformal gauge gravity are 
obtained. A set of generators of the conformal simple supergroup is given, the 
commutation and anticommutation relations for the superalgebra are calculated, 
and a Lagrangian of the simple supergravity is established. 

1. INTRODUCTION 

The Poincar6 group I S 0 ( 3 ,  I) is a space-time transformation group 
often used in the gauge theory of gravity, leaving invariant the metric of 
space-time; the de Sitter group is a transformation group of space-time with 
constant curvature, leaving invariant the de Sitter curvature of space-time; 
and the conformal group S 0 ( 4 ,  2) is also a space-time transformation group, 
leaving invariant the proper time of space-time. The group I S 0 ( 3 ,  1) is a 
degenerate version of the de Sitter group, and the de Sitter group is a 
subgroup of group S 0 ( 4 ,  2), so that the de Sitter gauge theory of gravity 
will be a subgravity of the conformal gauge theory of gravity, and the 
I S 0 ( 3 ,  1) gauge theory of gravity (Changgui and Bangquing, 1986) will be 
a degenerate form of the de Sitter gauge theory of gravity (S. Changgui 
et al., unpublished). In this paper we construct a Lagrangian for the confor- 
mal gauge theory of gravity, give a set of generators for a simple conformal 
superalgebra, and obtain a Lagrangian for the simple conformal super- 
gravity. 

2. LAGRANGIAN OF CONFORMAL GAUGE GRAVITY 

Let {a~} (in this paper indices /z, v , . . .  = 1, 2, 3, 0) be a natural basis 
on the space-time manifold M;  then Vpoint X e M, X ~ are the coordinates 
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of X. We suppose that the space-time manifold M possesses local conformal 
invariance; then, for any space-time point X, the local gauge actions of  
gauge group S0(4, 2) on the manifold M may be expressed by a gauge 
action space Ex(4,2) , which is a six-dimensional tangent space of M at X. 
Let {Z~} (in this paper  indices a , / 3 , . . . =  1, 2, 3, 0, 4, 5) be a frame in Ex(4.2) 
at X;  then all actions exerted by elements of S0(4,2) at X shall be 
isomorphic to all actions exerted by the element of S0(4, 2) on the frame 
at X ;  thus, we can obtain a set of  frames under the actions of  S0(4, 2), 
and denote the set as {Z~}x. Now let 

Px = {Z~}x -- n - l ( x )  

where l-I is the bundle projection, and take the union P(M) of the Px at 
all X ~ M. Then we have 

P(M)=- U e x ( M ) =  U {Z~}x 
x ~ M  x E M  

The bundle P(M) is a frame fiber bundle and it is a principal fiber bundle 
of which the group SO(4, 2) is the structure group and the space-time 
manifold M is the base manifold. We can write the principal bundle as 

P(M) = P(M, SO(4, 2)) 

We have noted that the conformal group S0(4, 2) is a space-time transforma- 
tion group, which leaves the proper time of space-time invariant, but it is 
not a linear transformation group of space-time, because the Weyl transfor- 
mation would not leave invariant the metric of  space-time. When we use 
the above bundle P(M) to describe the gauge actions of group S0(4, 2), 
we may express the conformal gauge theory of gravity with a linear method. 

Let the metric of  pseudo-Euclidean space E(4,2 ) be 

~7~ = diag(1, 1, 1, - 1 ,  I, - I )  

We have I = IAI/A, where A is the de Sitter curvature of M. Let the operator 
generators of  group S0(4, 2) be 

x~ = ~ o ~ -  ~:~o~ 

where ~:~ is a vector in E(4,2 ), Since the group S0(3, 1) is a subgroup of 
S0(4, 2), if the generators of SO(3, 1) are M~b (in this paper  the indices 
a, b , . . . =  1, 2, 3, 4), then Mab = Xab. We denote generators of de Sitter 
rotations, the generators of  de Sitter boosts, and the dilation generator by 
P,,  K~ and /9, respectively. Then we have 

Po = x~o 41AI= , Ko = x~ .  41AI== , D=--X56 
8 g 
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where e is a dimensional  constant,  [e]  = L -1, and its value is taken as 1. 
Thus, the commuta t ion  relations of  generators o f  group S 0 ( 4 ,  2) are 

[Mob, M~d ] = nb~Mod + ~7~dMb~ -- ~lbdMoc -- ~?~Mbd 

[Mob, P~ ] = nb~P~ -- n~Pb,  [Mob, Kc ] = nb~K~ -- n ~ K b  

[Po, P~] = -1AMos, [Ko, K~] = 1aMo~ 

[P~, Kb] = A~TabD, [P~, D] = - I K a ,  [Ka,  D]  = - I P a  

Taking a suitable frame on conformal  frame bundle  P ( M ) ,  we may 
obtain the conformal  connect ion  (S. Changgui  et al., unpublished)  

[ ~ ] =  - I V ~  o 
IC~b h~ 

a 
where V~ are Lorentz f rame coefficients. 

N o w  we define the horizontal  lifting basis 
_ l c q 3  

Then, by using 

[~,~, ~ ]  _ l o ~  ~ v  
- -  2 , 1 ~ , t x v ~ . x ~ l  3 

we may obtain the curvature tensor on P ( M )  as 
ce ce c~ 3, ~ = 0.Y3 ~ + ~ . ~  ~ - (/z ~-~ v) 

~ is valued on the Lie algebra so(4,  2) and it may  be written as the 
matrix 

I K ~ b  + IVp.~ b O.~ + I C . ~  0 

where 
a a a c Fixvb "= o,aBvb + B~cB~b - (Ix ~ v) 
a a a 

a a a 

C ~ b  = C ~ Cvb - C ~ C~b 

jt~ = O ~ V ~ + B ~  b b 
a a a b K ~  = O~C~ + B~bC~ - (Ix ~-~ u) 

o o - V~O~ 

a a 
C ~  = C~o~,- C~o~ 

h~. = O.h .  - O~h. 
a a c.~=c~ v~o-c~v.~ 
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We choose the Yang-Mills type of action for this SO(4,2)  gauge 
gravity; then the Lagrangian of the gravity is 

27 = � 8 8  = - 1 ~  8~'o~t3~'~ ~ ~ 

Using the above expression, we have 
- -  1[ 1 l~b  KT/xua 1 l / b  IZ/x~'a -1- 1 / - f a  f , a u  

]_1 llu, b iZP~ua 1 llu, a /~/xvb ..1- / -ga [-./z~, 
~11 i z u a V b  --~.l~t ~vb~,...a ~ J t x u t - , a  

_~_1 IZIxua l / a  l"K-'- a IZ/xv 1/-~b f~x~,a 
2 r  V l x u b - - l J t ~ l x ~ V a  --41"JlzuaIJb 

+ a r ~  c ' ~  1,.~ , ' - ~ _ i C . ~ h ~ _ l - r ~  ~ t,'.~ ~ J  txu,,.~ a --~*..~lxu~.J 2aJt~-izu~t~- a 

1 a iZ/xv 1/a /a/zu~ 

We denote the first four terms by ~a~. Then 
L _ 1{ l ls ,  b 1U, Ixua 1 l i b  ITP *ua -1- 1 ]'la i-tx~ ~_ 1 llL~b iZl~va~ 

d s - - ~ \ - - ~ l  txual b - - ~ v l z u a V  b ~ 2 J t J i x v J  a ~ t  ~ u a V b  ) 

and 27as is the Lagrangian of the de Sitter gauge theory of gravity (S. 
Changgui et al., unpublished). The four terms of ~d~ are the Einstein, 
cosmological, torsion, and Einstein-Cartan terms of gravity, respectively. 
The action of the conformal gauge gravity may be constructed as 

s =  f ~ / ~  d e x  

where ~ = V-= det(V~). 
Since there is an Einstein term for gravitation in the conformal gauge 

gravity but not in the Weyl gravity, in this S0(4,  2) gauge theory we may 
avoid the difficulty we have met in the Weyl gravity. The de Sitter Lagrangian 
27d~ is involved in the conformal gauge Lagrangian 27, so the de Sitter effect 
will also appear  in the $0(4,  2) gauge theory, and G R  will be a degenerate 
case of  this gravity. Since we know that the action of the usual Yang-Mills 
fields is invariant under the Weyl mapping (Yang, 1977), then the Lagrangian 
27 of the theory will be invariant under the mapping, so this gravity is a 
conformal gauge gravity holding the Weyl invariance. 

3. LAGRANGIAN OF C O N F O R M A L  S IM PLE SUPERGRAVITY 

First let us construct a supergroup SU(2, 2] 1). The usual matrix gen- 
erators belonging to the subgroup SU(2, 2) of  supergroup SU(2, 211) may 
be written, using Dirac matrices, as 

p~ 1 1 
=~7. ,  K~ D =�89 = ~7a75, 

The above generators are given by the 4 • 4 matrices, but in the SU(2, 211) 
supergravity they must be written as 5 • 5 matrix forms. When we do this, 
we may write these generators as 5 • matrices. However, the elements 
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located at the fifth rows and the fifth columns are all zero. Here we have 

{ Y a ,  3/b} = 2rlab, 3/5 = 3/13/23/33/4, 3/4 = i3/0 

The generator belonging to the subgroup U(1) of supergroup SU(2 ,  2] 1) 
is the central charge 

[1  0 ] 

0 1 0 A=-(U4)/ . . . . . . . .  ' - . . '  . . . . . . . . . . . .  / 
L 0 : 4 3  

Other generators of SU(2 ,  211) are the Majorana spinor charges; we take 
them as 

s,= 
0 

( C R ) a l ' ' '  ( C R ) ~ 4 : 0  J 

G =  
o 

i ui)o: !#o] 
where L = �89 Ys) and R =�89 + Ys) are chirality projection operators, 
C = - C  -1 = - C  T is the charge conjugate matrix, C = To, Cyr  -1 = -Try,  
and in this paper the indices or, r = 1, 2, 3, 4. 

The superalgebra relations of the above 28 generators are 

--(O-~b)S, [ 0 ,  Mob] = --(O'2b)Q [S, Mo~] = 

and 

is, A] 
IS, D] 
IS, G] 

[S,K]~ 
{&, S.} 

{Q~, Q.} 
{G, S.} 

-3i3/5S, [Q, A] 3 ,  = =~lysQ 
= - � 8 9  [ Q , D ] = I Q  

1 T 1 T 
=-~3/a Q, [Q, Po]-53/~S 

-�89 [Q, Ka] 1 r = = -~3/~ S 
1 a = - ~ ( y  C)~,(Po + Ko) 

1 a =5(7 C ) ~ , ( P a - K a )  

= - � 89  - (Co'ab),~Mab d- (i3/sC)~,A 

[ Mab,  Mcd ] = 7~bcMad ~- ~adMbc -- 3)bdMac -- 7~acMbd 

[ Mab,  Pc] = ~TbcPa -- ~acPb 

[Mob,  g c  ] = 7lbcKa -- ~Tacgb 

[ Pa, Pb ] = - IM~b ; [ Ka, Kb ] = lMab 

[P~, Kb] = nabD, [G,  D] = - U G  

[Ka, D] = - I P ~  

where we let A = 1. 
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If we take supergroup SU(2, 2[ 1) and space-time M as the structure 
group and base manifold, respectively,Awe may set up a principal fiber 
bundle (Kobayashi and Nomizu, 1963) P(M)=/3(M, SU(2, 211)). Let ~ 
(in this paper the indices A, B , . . . =  1 , 2 , . . . , 2 4 )  be the connection on 

A 

bundle P(M);  then 

.~ ^ A  ~ ,  

~ = Otz -~ ~ t z X A  

is the horizontal lifting basis, where 

s  = {Mab, Po, Ka, D; S~, Q.; A} 

are the generators of SU(2.2I 1). TheA ~X'A will be a basis on the vertical 
subspace of bundle space P, so ( 9 . ,  XA) may be a basis on the bundle 
space/3(M),  and 

A A 

[ ~ l . z ,  X A ]  = 0 

For the bundle /3(M), we may obtain the connection ~A as 

A A ab a 
~ .  = { B i x  , V ~ ,  C I z  , h .  ; -o- --.r r  A.} 

" A  and the curvature g t . .  as 

^ A A A A A o~ A 0~ B 072~ C 

where o&Ac are structure constants of gauge group S0(2, 211), and we also 
have 

A A A A . ^ A A 

[ X A ,  X B ]  = X A X  B - - ( - - 1 ) ~ 1 7 6  

where d'a, ~8 are the Grassman parity symbols. 
^ A  The ~ . ~  components corresponding to different generators are 

"" ab ab ab ab -- ab - 1 -t- ~.,.(M)=F.,,-IV.~+IC.~-[@.(Co- C )r @ r  

" a  a a 1 - a ~ q _  ~,~(P)=-J, .~-IC,~-~(r  r y~q,~) 

~.~(K)= IK. .+ ~ 1 -- a -- a 

~..(D) = h.,. + IC.~ - �89 + ~b <--> r  

~ .~(A) = A . .  + i($.Ys&~ + r r  

~ . ~ ( S )  - TM - TM ' -  

- - ' - - ' - "  - "  
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where 
ab T 3 .  1 DI ~o~ + B~.b(O " ) +atysA~.-~h. 

D~_o~ + B~b(crob)T 3. -atysA~ +~h~ 

By lifting and lowering the tensor indices, we may obtain the Lagrangian 
of Yang-Mills type as 

S~= -�88 t r ( ~  ~ )  

and if we write it with component forms corresponding to every generator, 
5~ becomes 

- -a[~, . (M)~ab (M) + ~ . ( P ) ~  (P) 
A A A A 

a ~ u  , ~  + ~ ( K ) ~  ( K ) + ~ ( D ) ~  (D) 

+ ~ ( A ) ~  + ~ ( Q ) C ~ ( S )  

+~g~(S)C~(Q)], a>b 

Then the action evaluated on the conformal superalgebra su(2, 211) is 

s=-�88 f d4x ~--g t r ( ~ g ~  ~ ) 

From the Lagrangian ~ we may see that the graviton and gravitino 
will be contained in the theory. If the space-time manifold M is flat and 

o- only the free field ~bg is discussed, we can obtain a spin-3/2 massless 
gravitino, which sati'sfies the Rarita-Schwinger equation. 

With the generators S~ and Q~ we can expand the group SU(2, 2] 1) 
to the case N > 1 and establish an expanded supergroup SU(2, 21N), which 
may be used to construct the extended conformal supergravity (Changgui 
et al., 1986). 
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